Up to now, increasing modulus of fiber reinforced polymers (FRPs) by shortening fibers has not been reported however, shortening fiber length from commercial 6.4 to 0.44 mm by additional mixing of paste prior to injection molding was found to increase initial and maximum tensile modulus 5 to 25% in a 3-phase system of highly CaCO 3 filled 20 mass% E-glass fiber reinforced thermoset polyester/styrene-butadiene polymer bulk-molding compound (GFRP-BMC). The increased number of spaces between fibers appears to allow for action of coefficient of thermal expansion (CTE) difference between fibers and matrix to increase thermal compressive residual stress sites during shrink and cool-down. A novel "fiber-spacing" model incorporating the "rule of mixtures" is constructed based on physical meaning to predict effect of fiber length (l f ), fiber volume fraction (V f ), filled-matrix modulus (E m ) fiber modulus (E f ), and nominal fiber diameter (d), valid for fiber orientation parameter (0.43 < © o < 0.54) on tensile modulus (d·/d¾) o to be useful in BMC composite design. The "fiber-spacing" model exhibited a good fit with the experimental data of 20 mass% fiber composite and predictions were made for 10, 30, and 40 mass% fiber composite agreeing with data in the literature.
Introduction and Background
Injection-molded glass fiber reinforced bulk molding compounds (GFRP-BMCs) are 3-phase systems consisting of polymer, fiber and ³30 to 55 mass% filler, 1, 2) usually CaCO 3 . Glass fiber reinforcement usually ranges from 5 to 30 mass% while glass fiber length ranges from about 3.2 to 12.7 mm (1/8 to 1/2 in). 1, 2) Formulations are optimized for precise dimensional control, flame resistance, high dielectric strength, corrosion and stain resistance, and color stability. BMCs are used for aerospace, automotive parts, housing for electrical wiring, and corrosion-resistant needs, hence mechanical property improvement is essential for durability and use life. Tensile modulus is one of the important properties for high performance and depends on the fiber volume fraction, length, orientation, and strength of coupling agent between fiber and matrix. This paper presents a new finding not previously reported in the literature for FRPs that tensile modulus can be increased by decreasing the fiber length. Up to now, most studies of fiber length in FRP composites (both glass and carbon fiber) have reported the opposite, that tensile modulus and other properties of tensile stress, strain, and impact strength decrease by decreasing fiber length, 39) but these are limited to 2-phase fiber+polymer systems. However, in the 3-phase filler+fiber+polymer BMC it was previously reported shortening fibers to submillimeter increases tensile fracture strength and its strain ³60 and ³40%, respectively. 2) This study focuses on the related 5 to 25% rise in initial tensile modulus, hence a novel "fiber-spacing" model is constructed. The model obeys the "rule of mixtures" which incorporates modulus of fiber (E f ) and matrix (E m ), fiber volume fraction (V f ), fiber diameter (d), fiber length (l f ) and a factor ( f ) for modulus loss in the fibers by the mixing and injection molding process to be useful in BMC composite design.
To give a background, present research on GFRPs and CFRPs appears to be limited to 2-phase fiber+polymer systems. In a study of glass fiber lengths from 0.1 to 50 mm and 3 to 60 mass% Thomason and Vlug reported stiffness of glass reinforced polypropylene was reduced by shortening fibers below 0.5 mm and virtually independent of fiber length above 0.5 mm.
3) They reported high concentrations of long fibers (>40 mass%) resulted in fiber packing problems with an increase in void formation which led to a reduction in modulus.
3) Thomason and Vlug also reported for glass reinforced polypropylene Charpy impact, tensile impact and high speed impact properties increased with fiber length up to 6 mm. Constructing a strain energy model, they predicted an optimal length of 8 mm.
5) For short carbon fiber reinforced polypropylene (CFRP) prepared by hot press, shortening fibers from 10 ¼ 5 ¼ 2 ¼ 1 ¼ 0.5 mm reduced mechanical properties of tensile strength and modulus, Rockwell hardness, izod impact, and flexural strength and modulus. 9) Since assessing effect of l f is difficult, most GFRP studies have analyzed the effect on the 2-phase systems by numerical modeling of tensile strength and modulus increase with increasing fiber length. Fu and Lauke reported at small mean fiber lengths below the critical ³1.0 mm, "fiber efficiency factor", a measure of tensile modulus and strength decreases rapidly with decreasing fiber length. 6 ) While in a model of a single fiber, Huang and Talreja predicted the same, at fiber lengths below the critical ³1.0 mm, tensile modulus and strength decrease rapidly with decreasing fiber length. 7) They often incorporate a "shear lag" parameter for stress transfer efficiency between fiber and matrix modeled as a hyperbolic tanh or sech curve with tensile modulus leveling off at low and high aspect ratios.
However, this study focuses on a new and novel finding in FRPs, that as fiber length is decreased modulus as well as tensile strength, and strain are increased because the BMC is an injection-molded highly-filled 3-phase system. The toughening mechanism follows more to that in ceramics, cemented carbide composites, and metal-matrix composites (MMCs), where for a given particle volume fraction, V f as particle size is decreased, strength is increased. For example, smaller particle size accounted for higher strength in WC-Ni cemented carbide composites: strength was higher for fine WC particles of 0.5 µm as opposed to coarser 1.7 µm particles. 14) In Al 2 O 3 dispersed ceramics, smaller disc particle size of 16 µm diameter improved fracture stress 30% over 41 µm diameter particles. 15) The researchers attributed the strength increase to residual stress increase by difference in coefficient of thermal expansion (CTE) between particles and matrix.
SEM observations showed CaCO 3 filler particles in the BMC are about the same sizes as that of ceramics ranging from <1 to several microns in all samples. 14, 15) Figure 1 shows the CaCO 3 particle size distribution for a 63 © 59 µm SEM examination surface area of a masticated sample.
A model predicting tensile properties increasing with decreasing particle diameter in MMCs by Tohgo et al. 16) showed CTE difference between particle and matrix has the most contribution to tensile properties, followed by "kinematic" and "isotropic" (effects of strain gradient plasticity related to geometrically necessary dislocations for heterogeneous dislocation around a particle), then Orowan stress for dislocation to pass through aligned particles.
In the BMC, the CTE of the cured polyester resin matrix (55 to 100 © 10 ¹6 /K) 10) is about an order of magnitude higher than that of E-glass fibers (5.4 © 10 ¹6 /K), 17) therefore thermal residual stresses will be generated by the matrix on the fibers during cool-down and shrink. Within the matrix itself, the third phase of CaCO 3 particle dispersion appears to assist in this process. As l f is shortened, the CTE will act in the increased number of spaces between fibers increasing residual stress sites collectively raising the stiffness, hence the novel "fiber-spacing" model is constructed. Table 1 shows BMC specimens tested. For all pastes, the components were mixed in a double-arm sigma blade mixer for 20 min at room temperature. In the GFRP average fiber length, l f was varied including 6.4, 3.2, and masticated (0.44) mm. The masticated samples were prepared by crushing the finished paste containing 3.2 mm fibers with a large sigma-blade Banbury mixer for an additional 30 min. The masticated paste was then left to stand overnight with the rest of the pastes before injection molding and then injected molded into an ASTM D-638 family mold for dogbone-shaped specimens with a 3.03 © 10 5 N (75 ton) New Britain with the following processing parameters: mold temperature 436 K (163 C), barrel temperature RT, injection pressure 3.506.90 MPa, shot time, t s = ³2.0 s, hold time 15 s, and cure time 1.5 2.0 min. 1, 2) Sample dimensions total length, gauge length, width, and thickness were ³210, 100, 12.6, 3.3 mm, respectively, with cross-sectional area of 42.0 mm 2 in the gauge length. Volume fractions, V f of the E-glass fibers, CaCO 3 filler, and polymers with remaining components were 0.1317, 0.2902 and 0.5781, respectively. The matrix composite without glass fibers had V f = 0.3330 and 0.6670 of CaCO 3 filler, and polymers.
A strong coupling agent (Owens Corning OCF-405) was 1.2 mass% of the finished product. Fiber treatment began with preparing a water-epoxy resin emulsion, which is approximately 70 mass% by weight water and 30 mass% resin. The interfacial adhesion promoter, £-methacryloxypropyltrimethoxysilane was approximately 1 mass% of this emulsion. The fibers were then coated with this emulsion and cured. The composition of coupling agent remaining on the fibers is proprietary. 1, 2) Although the CaCO 3 filler was not affected, fibers in the matrix were shortened considerably. Several hundred fibers in the polished masticated samples were measured to have average l f = 0.44 mm (standard deviation = +/¹0.203 mm) by SEM.
1,2) These samples will be referred to as the "0.44 mm" samples. In general, two standard deviations comprise approximately 95% of the population, which is 0.04 < l f < 0.85 mm indicating a wide distribution from the additional mixing but still significantly shorter than the next average highest length tested of 3.2 mm. Hence, mean fiber lengths of the data sets were deemed to have sufficient variance for reliable results.
Tensile test
Tensile experiments were carried out with an Instron testing machine at a strain rate of 0.1%/min. At least 5 runs each were made for the 6.4, 3.2 and 0.44 mm samples, respectively while 3 runs were made for the 0% glass samples. Samples used for all tests were in accordance with ASTM D-638.
Strains were measured with a 25.4 mm (1.000 in) extensometer over the damage zone, while stresses were measured with an Instron testing machine. Data points were taken at strain increments ¦¾ = 0.00734%.
Scanning electron microscopy (SEM)
A Jeol JSM-35CF scanning electron microscope (SEM) was used to observe a 0.44 mm fiber length BMC specimen cut perpendicular to the molding/tensile direction and polished with alumina polishing paper with successive finesses and sputtered with Pt. To obtain fiber orientations (ª) with respect to the molding/tensile direction Fig. 2 shows position of mosaic of SEM photos taken across sample 3.3 mm in thickness (for photo see Faudree et al., 2013) . 18) This was separated into 24 sections (th = 137.5 µm each) totaling the 3.3 mm thickness. Dimensions of mosaic are 3.3 © 0.74 mm. When fiber cross-section elliptical shapes with respect to the molding/tensile direction are assigned "a" and "b" for their short and long axes, respectively (a is fiber diameter) fiber orientations, ª (deg) are obtained as illustrated in Fig. 2 : 19, 20) ª ¼ arccosða=bÞ ð 1Þ This is assuming circular fiber cross sections. In the 3.3 © 0.74 mm SEM mapping area of Fig. 2 , there were 1216 fiber cross-sections total and were measured. 18) According to Thomason, Hermans fiber orientation parameter can be calculated from this data as:
where the average value of ©cos 2 ªª is approximated as:
where i is each fiber. The © o which is the average value in eq. (2) is calculated: 1) over the entire BMC 3.3 mm crosssection; and 2) for each of the 24 sections, respectively. Accuracy of the angle (ª) measurements were +/¹5.7 and +/¹2.8% for ellipse short and long axes (a and b), respectively.
18)
Although nominal fiber diameter was 14 µm, the measurements showed average d = 11.4 µm with standard deviation = +/¹1.15 µm, thus 95% of the population was 9.1 < d < 13.7 µm (Fig. 3) . The remaining ³2.6 µm was probably due to ³1.3 µm thick coupling agent coating around the pristine fibers prior to molding. The nominal fiber diameter of 14 µm was used for calculations.
Results
3.1 Effect of fiber length on initial slope of stressstrain curves from ¾ = 0 Data points of stress (·) as a function of strain, ¾ were obtained by analysis of data from an earlier study 1) at 0.00734% strain increments, i. The interpolations in Fig. 4(a) show shortening fiber length from commercial 6.4 to 0.44 mm increases initial tensile slope, (d·/d¾) o 27% from 6.19 to 7.86 GPa as obtained by least squares best fit up to ¾ = 0.0514% extrapolated to 0 strain. The 3.2 mm samples (7.18 GPa) have 16% improvement in (d·/d¾) o over the 6.4 mm samples while the matrix composite 0% glass samples have the lowest (d·/d¾) o of 4.39 GPa. The (d·/d¾) o apparently exhibits a hierarchy increasing with decreasing l f . Although slopes were measured from the zero point, rather than tension and compression through the zero point the (d·/d¾) o may be considered to strongly correspond to tensile elastic modulus. Linear correlation coefficient, R by least squares best fit of the relationship between the stress and strain data points of 0.998, 0.999, 0.998, and 0.998 were obtained for 0.44, 3.2, 6.4 mm GFRP and 0% glass samples, respectively indicating highly linear stressstrain behavior at low strains.
3.2 Effect of fiber length on maximum tensile modulus, (d·/d¾) max To obtain maximum moduli as a function of fiber length, Fig. 4(b) shows tensile modulus (d·/d¾) as a function of ¾, from ¾ = 0 to 0.45% strain to show modulus generally increases with decreasing l f of 6.4 ¼ 3.2 ¼ 0.44 mm. Slopes (d·/d¾) i+0.5 were calculated between data points ð· i ; ¾ i Þ and ð· iþ1 ; ¾ iþ1 Þ in eq. (4):
where integer, i at strain increments ¦¾ = 0.00734% goes from 0 to (n ¹ 1) (n is fracture point).
3.3 Effect of fiber length on maximum tensile modulus (d·/d¾) max Figure 4 (b) shows the (d·/d¾) max exhibits a hierarchy increasing with decreasing fiber length: for l f = 6.4 ¼ 3.2 ¼ 0.44 mm (d·/d¾) max is increased 7.50 ¼ 8.86 ¼ 9.54 GPa (Fig. 4(b) arrows) . Shortening fibers from the commercial 6.4 mm to 0.44 and 3.2 mm raises the (d·/d¾) max 27 and 18%, respectively.
In addition, the 0.44 mm samples have 18 and 40% improvements in (d·/d¾) max over the 3.2 mm (8.86 GPa) and 0% glass samples (6.82 GPa).
Since the first maximum of the 0.44 and 6.4 mm samples occurred very early in the deformation process the (d·/d¾) max was evaluated at the second maximum for preciseness. The lowest (d·/d¾) max was found in the 0% glass matrix composite at 6.82 GPa.
At early strains before 0.25%, the BMC with l f = 0.44 mm clearly exhibited higher (d·/d¾) values than that of the commercial 6.4 mm sample. Although the 0.44 mm sample had drops in modulus between ³0.07 and 0.16% strain, there was a hardening returning to the maximum of 9.54 GPa at 0.22% strain. GFRP-BMC samples are reported to sometimes exhibit softening then hardening early in their stressstrain curves. 1) Overall, the 0.44 mm sample appears to have maintained the initial modulus values until higher strains superior to that of the 3.2 mm sample as well. The 0.44 mm sample had more maxima over 8 GPa (12 maxima) than that of the 3.2 mm sample (6 maxima).
Discussion
4.1 Linear relation between moduli and fiber length, l f Figure 5 shows both the (d·/d¾) o and (d·/d¾) max appear to increase linearly with decreasing l f for the range tested exhibiting the linear toughening. The (d·/d¾) max is always higher than the (d·/d¾) o . The linear relations between l f and tensile moduli (d·/d¾) max and (d·/d¾) o are indicated by the white and black data points, respectively and expressed as: 
where r is nominal fiber radius (mm). This shows a linear relation also exists between reciprocal number density of fiber, 1/μ f (mm 3 ) (top axis Fig. 5 ) and modulus by the equations:
The correlation coefficients are quite high indicating reliability for the number of samples tested.
Fiber spacing
To construct the "fiber-spacing" model for (d·/d¾) o , Fig. 6 considers the simple case where fibers are aligned parallel to the z-axis injection molding/tensile direction with spaces in between, where for a given specimen length (l) number of fibers, N f will equal number of spaces between fibers, S f both of which are dimensionless quantities:
This would also hold true when fibers are ª > 0 deg. Since the number density of fiber, μ f (mm
¹3
) was calculated for V = 1 mm 3 of composite in eq. (7):
Hence because V = 1 mm 3 absolute values are equal (see Fig. 6 ):
Hence, eq. (9) becomes eq. (13):
SEM observation of 0.44 mm samples shows more spaces between fibers than that of 6.4 mm samples in a previous study. 1) Since CTE matrix is an order of magnitude greater than CTE fibers , thermal compressive residual stress is exerted by the matrix on the fibers during BMC cool-down and shrink. The increased S f in the deformation zone therefore increases (d·/d¾) o as shown in eq. (13) up to the theoretical limit of 8.01 GPa for the l f range tested.
Fiber orientation
Fiber orientation has been found to play a role on influencing tensile modulus in 2-phase fiber+polymer systems. 4) Similarly, for the 3-phase BMC, fiber orientation angles, ª are calculated from eq. (1) and averaged for each section, j 1 through 24 in eq. (14): Figure 7 shows the profile, a 3-layer [skin-core-skin] structure where in the "skins" fibers are highly aligned (ª = 0 to ³20 deg) with mold flow within a thin layer ¤ f = 0.14 to 0.27 mm (48% of thickness) from the mold walls. These "skins" surround a highly disoriented core whose fibers are ³30 to 90 deg from molding/tensile direction. Optical microscope observation showed the highly-oriented skins were found around most of the specimen cross-section perimeter. This flow pattern in Fig. 7 was found to resemble parabolic flow through the mold cavity typical of the laminar creep flow of the highly viscous BMC paste during injection molding. 18) While the BMC exhibits the 3-layer [skin-core-skin] structure resembling parabolic flow, polyamide 6,6 GFRP exhibits 5-layer structure of [skin-shell-coreshell-skin] consisting of highly random thin skins approximately 4% of sample thickness with relatively thick highly oriented shell layers surrounding a thick inner core with a near random in- plane fiber orientation. 4) Although both the polyamide 6,6 and the BMC have thin skins ³4% of thickness, the BMC skin appears to be highly oriented compared to the polyamide 6,6.
Since the BMC is higher viscosity than that of the GFRP polyamide 6,6, its fiber angle profile is more parabolic. Moreover, at higher injection speeds, melt and molding temperatures polymer composites are reported to exhibit a thicker core with a more square flow front.
21) The measured average fiber orientation parameter, © o of the BMC 24 sections is 0.481.
"Fiber-spacing" model
Based on the spacing between fibers, S f in the molding/ tensile direction, a novel "fiber-spacing" model incorporating the "rule of mixtures" is constructed based on physical meaning to predict effect of fiber length l f (mm); fiber volume fraction (V f ); filled-matrix modulus E m (GPa); fiber modulus E f (GPa); and nominal fiber diameter d (mm) on initial tensile modulus (d·/d¾) o . From eq. (12):
Rearranging eq. (7) in terms of the reciprocal, 1/«μ f « and putting in terms of fiber diameter, d (mm):
Substituting into eq. (13):
The "fiber-spacing" model equation is therefore:
ðfor 0:42 < © o < 0:54Þ yielding the plot in Fig. 8 . Since the increase in residual stress sites by CTE difference in the increased spaces, S f between fibers has close linear relation independent of volume fraction, the slope in eq. (18) is set according to that of the experimental data ¹60(³d 2 l f /0.1317) normalizing with V f of 0.1317 (20 mass%). For the l f range tested, the yintercept would represent the highest modulus possible by the "rule of mixtures
where E f for E-glass fibers and E m of the matrix measured for the 0% glass samples are 75
3) and 4.39 GPa, respectively.
Fiber orientation parameter, © o effects
The model exhibits an excellent fit with the experimental data for 20 mass% glass fibers by incorporating into eq. (18) the measured fiber orientation parameter © o as in other fiber reinforced composite studies 3, 11, 12) (for the BMC © o = 0.481) and a factor, f (= 0.886) for modulus loss in the fibers by the Banbury mixing and injection molding process. Moreover, in injection-molded GRRPs average fiber orientation parameter, © o across specimen thickness is reported to be little affected by change in V f , 4) thus the experimental value of 0.481 is used for the predicted 10, 30 and 40 mass% composites in the "fiber-spacing" model. The standard deviation limits of experimental (d·/d¾) o (Fig. 5 , +/¹0.5 GPa) were used to iterate the range at which the orientation parameter allows eq. (18) to be valid (y-intercept of 8.01 +/¹0.5 GPa).
Therefore eq. (18) is claimed to be valid for (0.42 < © o < 0.54) using the molding conditions given in the experimental section. Since it is reported at higher injection speeds, melt and molding temperatures polymer composites exhibit a thicker core with a more square flow front, 21) this analysis was beyond the scope of this study since it would require specimen fabrication at many molding conditions.
On the other hand, the filler containing matrix appears unaffected by the mixing process, hence no factors are applied to the matrix term of the "rule of mixtures". 4.6 Predictions for 10, 30, and 40 mass% fiber Figure 8 shows the predictions by the "fiber spacing" model for modulus (d·/d¾) o vs. fiber length for different fiber weight percents (10%, 30%, 40%) in stepwise manner corresponding to their V f . The BMC tensile modulus increasing stepwise with increasing V f is well understood and the predictions agree with experimental data for other GFRPs in the literature including polyamide 6,6 (l f = 0.3 to 1.1 mm; d = 10 to 17 mm) where tensile modulus was increased with volume fraction (given in mass%): 12 ¼ 20 ¼ 30 ¼ 40 mass% yielding tensile moduli of ³6.5 ¼ 8 ¼ 10 ¼ 13.5 GPa. 4) For the 10, 20, and 30 mass% this closely agrees with the BMC for l f = 0.44 mm. Figure 9 shows the "fiber-spacing" model predictions for effect of fiber diameter, d (mm) on tensile modulus, (d·/d¾) o at different fiber lengths at constant 20 mass% fibers (V f = 0.1317). As d is reduced, number of fibers is increased: the modulus is predicted to be raised due to the resulting increased spaces, S f between fibers in the molding/tensile direction. Overall, as l f is shortened, modulus is predicted to be less dependent on fiber diameter due to low fiber aspect ratios. The dotted curves represent the experimental fiber lengths tested: l f = 0.44, 3.2 and 6.4 mm. At d > ³0.005 mm, shorter fiber lengths, l f < ³2 mm are predicted to have higher moduli than longer fiber lengths. Shorter fibers below l f of 1 mm are recommended regardless of diameter. In summary, the results show by reducing fiber length, modulus of a GFRP-BMC is increased. Up to now, this has not been reported: it is a hope that this new result can be applied to new BMC design and other composites in the future.
Fiber diameter predictions

Conclusions
(1) By additional mixing of paste prior to injection molding, shortening fibers from 6.4 mm commercial to 0.44 mm, initial (d·/d¾) o and maximum (d·/d¾) max tensile moduli were raised 5 to 25% in a GFRP-BMC which is a 3-phase system of glass fiber + polymer + filler. Up to now, this result has not been reported in the literature: most studies report unfilled 2-phase fiber+polymer FRP, where increasing fiber length increases tensile modulus. The behavior of the BMC conforms more to ceramics and metal matrix composites and is viewed as a new and unexpected finding that can be applied to various types of existing and newly designed BMCs. ( 2) It appears modulus was enhanced by a 14.5 times increase in spaces, S f between fibers in the molding/ tensile z-axis direction proliferating compressive stress sites by the matrix on the fibers by a 10 times CTE difference and shrink during cooling raising the modulus. It seems the third phase of CaCO 3 filler assisted in this process. There was a strong correlation R > 0.99 between number of fiber spaces, S f and modulus, (d·/d¾) increase. (3) A novel "fiber-spacing" model for initial tensile modulus was constructed that incorporates many adjustable parameters. It is based on physical meaning that can possibly be used to design highly-filled FRP composites. One can choose fiber, filler and matrix materials, fiber diameter, length, and volume fraction of fibers. The "fiber-spacing" model exhibited a good fit with the experimental data of 20 mass% fiber composite and predictions were made for 10, 30 and 40 mass% fiber composite agreeing with data in the literature. 
